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Elastic—plastic indentation stress fields
using the finite-element method

G. CARE© * , A. C. FISCHER-CRIPPS
Department of Applied Physics, University of Technology, Sydney, PO Box 123,
Broadway, NSW 2007, Australia

The finite-element method is used to model the elastic—plastic indentation response of

a flat extensive specimen for the case of a spherical indenter. The work highlights

several interesting finite-element modelling techniques and provides insight into the

physical processes involved in elastic—plastic indentation of certain structural ceramics.

Full details of the stress distribution are given and compared with the results of

elastic formulae. This work has particular application to the modelling of physical

phenomena of deformation in ceramic materials in machining, wear, bearings and

hardness testing.
1. Introduction
The nature of the stresses arising from the contact
between two elastic bodies is of considerable import-
ance and was first studied by Hertz [1, 2] in 1881 (see
also [3, 4]) before his more well-known work on
electricity. Stresses arising from indentations with
point loads, spheres, cylindrical flat punches, and dia-
mond pyramids and cones are all of practical interest.
The subsequent evolution of the field of contact mech-
anics has led to applications of the theory to a wide
range of disciplines. The elastic stress fields generated
by an indenter, whether it be a sphere, cylinder or
cone, although complex, are well defined. When the
response of the specimen material is elastic—plastic
however, theoretical treatments [5—7] are limited be-
cause of the simplifying assumptions required to make
such analyses tractable. In the following, we shall
model the elastic—plastic indentation of a flat exten-
sive specimen using the finite-element method. Since
exact solutions, for an elastic response, are available in
the literature, we shall use these as a basis for con-
firmation of the validity of our finite-element model
and boundary conditions. We shall then use the finite-
element method to model the elastic—plastic response
of the specimen material and compare with experi-
mentally observed phenomena. Experimental work
to be presented concerns the indentation of a mica-
containing machinable glass—ceramic available under
the trade name Macor (Corning Inc., Corning, NY)
[18]. This type of ceramic exhibits shear-driven sub-
surface accumulated damage in the indentation stress
field [19]. We consider the case of loading with
a spherical indenter. Although the indentation re-
sponse of this material has been presented in the
literature on previous occasions [20], we present here
a full description of the elastic—plastic indentation
*Present address: G#D Computing Pty Ltd, 541 Kent Street, Sydney
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stress fields together with details concerning the finite-
element procedure.

2. Elastic theory
For the case of contact with a spherical indenter, the
radius of the circle of contact between the indenter and
the specimen surface increases with increasing load.
For the purely elastic case, the contact area may be
calculated using the Hertz relation
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where a is the radius of the circle of contact, P is the
indenter load and R is the indenter radius. Equation
1a may be rearranged to give a linear relationship
between the mean contact pressure p

.
"P/pa2 (the

‘‘indentation stress’’) and the ratio a/R (the ‘‘indenta-
tion strain’’). In Equation 1a, k is an elastic mismatch
parameter given by
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In these equations, E and m are the Young’s modulus
and Poisson’s ratio, respectively, for the specimen, and
E@ and m@ the corresponding values for the indenter.
The experimental indentation stress—strain response
of the material may be used to calibrate the material
properties of the specimen material for use in a finite
element analysis. As reported previously [20], the
slope of the linear portion of the response is propor-
tional to the elastic modulus and any deviation from
linearity may be used to estimate the yield stress and
strain hardening coefficient.
, NSW 2000, Australia.
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For points within the interior of the specimen [21],
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In Equations 2—6, p
.
"P/pa2 is the mean contact

pressure, with P equal to the indenter load, and a is the
radius of the circle of contact.

The principal stresses in the r—z plane are given by
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and the angle between the direction of r
1

and the
surface of the specimen is given by
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where $is the sign of s
rz

[21].
Contours of the normalized principal stresses and

maximum shear stress calculated using Equations 2—7
above are shown in Fig. 1 together with the corres-
ponding finite-element elastic—plastic solutions to be
discussed below. In Fig. 1, distance scales have been
normalized to the contact radius a"a

0
and stresses

to the mean contact pressure, p
.
, for the elastic

solution.

3. Finite-element modelling technique
3.1. Contact between the indenter

and the specimen
Contacts may be generally classified as being either
conforming or non-conforming [22]. Loading with
a cylindrical flat punch indenter is an example of
a conforming contact since the contact area is a con-
5654
stant and independent of the load. Loading with
a spherical or conical indenter is a non-conforming
contact since the contact area is dependent on the
load. However, this does not mean to say that contact
involving such an indenter is a non-linear event. For
frictionless contact, the contact area is completely
specified in terms of linear elasticity as embodied
in Equations 1 and 2. Thus, as far as finite-element
modelling is concerned, we should obtain the same
solution whether the load is applied in one step, or as
a series of increments. The foregoing discussion as-
sumes that all displacements are small. If this is not the
case, then Equations 1 and 2 do not apply and, for
finite-element modelling, non-linear geometric con-
siderations must be included in the analysis. In the
present work, we assume that such non-linear geo-
metric considerations need not be considered for the
purposes of comparison with the elastic theory but
are included for the elastic—plastic analyses since
they are significant when relatively large plastic
strains are involved.

The solution of contact problems by finite-element
analysis is often conveniently undertaken with the use
of specialized gap elements. Although we have in-
dicated that for frictionless contact a linear solution is
obtained if the full indenter load is applied at once.
modelling of the expanding area of contact, such as
that required for spherical and conical indenters, does,
however, require an iterative procedure. In the contact
problem considered here, potential contacting surfa-
ces are separated by specialized gap elements. The gap
elements serve to prevent the ‘‘indenter’’ from overlap-
ping the ‘‘specimen’’. An iterative procedure conti-
nually checks the status of each gap element, deleting
and reinstating the element as required, until force
equilibrium is reached within a specified tolerance
level. Ideally, the gap elements should be assigned an
infinite stiffness. This would ensure a non-intrusive
contact between the indenter and the specimen. How-
ever, this is not possible in practice because of the
finite numerical restrictions imposed by computer
hardware. During contact, the indenter intrudes into
the specimen a small amount given by the penalty
factor. The penalty factor is the ratio of the stiffness of
the gap elements to the stiffness of the specimen mater-
ial. It is desirable at least to have the stiffness of the
gap beams to be considerably larger than that of the
specimen material. If the penalty factor is too low,
then there is insufficient stiffness to enforce the contact
condition. A penalty factor of about 10 000 was suffi-
cient to simulate contact in the present case.

3.2. Elastic—plastic response
In the previous section, we argued that indentation
with a spherical indenter in frictionless contact with
a flat specimen surface is essentially a linear contact
problem where the full load may be applied at once
and the expanding area of contact determined using
an iterative procedure. Linear solutions of this type
may be applied to a non-linear material response
by applying the load in increments where the res-
ponse is assumed to be elastic within each increment.



Figure 1 Contours of principal stress for Macor glass—ceramic material with spherical indenter: (a), (c), (e), (g), elastic solutions from
Equations 2—8; (b), (d), (f ), (h) finite-element results for elastic—plastic response. Magnitudes are shown for (a), (b) r

1
, (c), (d) r

2
, (e), (f ) r

3
, and

(g), (h) s
.!9

. For both elastic and elastic—plastic results, distances are expressed relative to the contact radius, a
0
"0.326 mm, and stresses in

terms of the mean contact pressure, p "3.0 GPa, for the elastic case at P"1000 N.

.

For material non-linearity, the local elastic modulus
of each element is modified at each iteration for each
load increment so as to satisfy a specified constitutive
relationship. This is commonly referred to as the
‘‘secant’’ method of non-linear iteration. For example,
in the present case, the shear-driven nature of the
subsurface damage indicates an elastic—plastic re-
sponse commonly observed in indentation testing of
ductile materials. The shear-driven nature of the dam-
age on a microstructural scale in the present case
allows us to specify the Tresca shear stress yield cri-
terion in the finite-element procedure.

The elastic—plastic properties of the specimen ma-
terial in the finite-element model are specified by
5655



Figure 2 Elastic—plastic stress—strain curve showing iterative pro-
cedure used to satisfy the yield criterion. The elastic modulus of
each element is adjusted so as to satisfy the specified uniaxial
stress—strain relationship, here shown as elastic—perfectly plastic
(b"0).

a uniaxial stress—strain relationship. For an elastic
—perfectly plastic material, the stress—strain relation-
ship is that such as shown by the bold line in Fig. 2.
Elastic—plastic behaviour is accommodated by first
applying the load for the first increment with E"E

0
for all elements in the model. E

0
is the gradient of the

stress—strain curve, specified in the element property
set, at zero strain. Within each load increment, start-
ing with the first increment, iterations are performed
until the specified tolerance level is reached. Within
each iteration, the modulus of elasticity for each ele-
ment is adjusted so as to satisfy the chosen yield
criterion.

Fig. 2 shows the procedure for a particular load
increment. E

/08
is the initial stiffness for a particular

element, which for the first iteration of the first load
increment is E

0
. In Fig. 2 this is shown as the stiffness

prior to the application of the first load increment but
may equally well represent the stiffness of a particular
element after the analysis of a preceding load in-
crement and series of iterations. For each element, the
Tresca strain, e

Tr
, is calculated using E

/08
:
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. If ½
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is greater
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C
, then that element is carrying more stress

than is permitted by the specified stress—strain curve
and failure criterion. The modulus E
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ment is then factored down an amount given by
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and a new solution calculated for that load in-
crement with E"E

/%95
. Iterations are performed until

the values for ½
Tr

agree, within a specified tolerance
level, with those determined from the curve at a
given e

Tr
.

The approach to plasticity described above is ad-
equate for the purposes of the present analysis but is
not suitable when one wishes to analyse the unload-
ing. Here, we need to employ more sophisticated tech-
niques such as the incremental strain, or incremental
stress methods [23].

3.3. Finite-element model
A schematic diagram of a portion of the finite-element
model used in the present work is shown in Fig. 3. The
complete finite-element mesh consists of 1736 nodes
and 1538 axis-symmetric quadrilateral plate elements.
The outer dimensions of the model were some 150
times the radius of the circle of contact at the highest
load increment. To enable direct comparison with
experimental results, the indenter radius was set to
3.18 mm which resulted in a node spacing directly
beneath the indenter of about 8 lm. The stiffness of
the gap elements was set larger than that of the ele-
ments representing the specimen by a factor of about
1]106. During the solution, a maximum of 25 iter-
ations per load increment were permitted and this
was sufficient to obtain convergence with a force
tolerance of 1% of the normalized residual force and
0.5% of the maximum normalized displacement. Load
was applied in a series of steps up to the maximum
specified load. A total of 20 load increments were
specified. An updated Lagrangian method was em-
ployed within the finite-element code to account for
the geometric non-linearity associated with large

Figure 3 Detail of the finite-element mesh near prospective contact
area. Four gap-beam elements are shown. Constraints and freedoms
for nodes at C and A ensure that nodes at B and C move together
when gap G closes during application of load.



TABLE I Mechanical properties of Macor glass—ceramic test material, where the elastic modulus, E, and yield stress, ½, were determined
from the experimental indentation stress—strain relationship

Test material Young’s modulus, Poisson’s ratio, Yield stress, E/½
E m ½

(MPa) (MPa)

Macor 64 000 0.26 770 85
strains which may arise in the material in which yield
has occurred.

Material properties, such as elastic modulus and
yield stress, for the specimen material were deter-
mined by experiment using the indentation
stress—strain response of the material [19, 20].
The elastic modulus, E, is found from the linear
portion of the indentation stress—strain curve and
the yield stress, ½, may be estimated from the value
of mean contact pressure corresponding to the point
of first deviation from linearity on such a curve.
An indentation stress—strain curve is obtained by plot-
ting values of mean contact pressure for a spheri-
cal indenter against a/R where a is the radius of the
circle of contact and R is the radius of the spherical
indenter.

The indentation response and corresponding
values for elastic modulus, E, and yield stress, ½,
for the glass—ceramic test material have been pre-
viously reported in the literature [20] and are given in
Table I.

To test the accuracy of the finite-element models
and associated boundary conditions, results for
the fully elastic case were calculated and compared
with the Hertz solution. The radius of the circle
of contact estimated from the finite-element results
agreed to within 1% of that calculated by Equation 1.
The level of agreement obtained here was considered
to be adequate for the purposes of the present invest-
igation.

4. Experimental work
As has been previously reported [19, 20], the indenta-
tion response of certain ceramic materials is most
vividly demonstrated by the nature of the subsurface
damage beneath the indentation. Either the nature of
the damage may be brittle, in which a characteristic
Hertzian cone crack appears, or there may be evidence
of shear-driven accumulated damage, similar to that
observed in ductile materials. The nature of the sub-
surface damage may conveniently be observed using
the bonded-interface or split-specimen technique. Full
details of the method have been given in [19] and need
not be repeated here.

A section view of the subsurface damage for the test
material is shown in Fig. 4 together with the corres-
ponding finite-element solution to be discussed below.
The residual impression in the surface made by the
indenter is clearly visible as is the shear-driven accu-
mulated subsurface damage resulting from the inden-
tation.
Figure 4 (a) Bonded-interface test result showing section view
with subsurface accumulated damage beneath the indentation.
(b) Finite-element result showing extent of the plastic zone in terms
of contours of maximum shear stress at s

.!9
/½"0.5 for indenter

load P"1000 N. Distances are expressed in terms of the contact
radius, a

0
"0.326 mm, for the elastic case of P"1000 N. The bold

black line indicates the radius of the circle of contact, a"0.437 mm,
as determined from the finite-element calculation.

5. Results and discussion
The present work demonstrates how the finite-element
method may be used to solve a seemingly complex

indentation problem with relatively simple modelling
techniques. Although application of the finite-element
method to elastic—plastic indentations with a spheri-
cal indenter is not new [23—29], we present here full
details of the elastic—plastic indentation stress field for
a material which is of particular interest to ceramicists.
The subsurface damage exhibited by the material
studied here arises because of the confined nature of
the shear stress in the indentation stress field and is
similar to that seen in traditional ductile materials
[19, 20]. The corresponding indentation stress field
provides information about possible crack paths with-
in the material or regions of potential shear-driven
‘‘yield’’. Owing to the geometry of the plastic zone,
conventional hardness theories (e.g., the so-called
‘‘expanding-cavity’’ model) are inappropriate [20] and
information about the interior stresses can only con-
veniently be obtained using numerical techniques such
as described here.

Comparison between experimental results and
finite-element solutions is graphically demonstrated
by the correspondence between the sub-surface dam-
age or ‘‘yield’’ zones as shown in Fig. 5. This figure
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Figure 5 Contact pressure distribution for elastic (equation), and
elastic—plastic (finite element) contact for P"1000 N. Results are
normalized to a

0
and p

.
as in Fig. 1. The bar at the bottom of

the horizontal axis indicates the radius of the circle of contact,
a"0.437 mm, for the elastic—plastic condition.

shows a contour of principal shear stress s
.!9

for
a single value of s

.!9
/½"0.5 which identifies the

extent of the plastic zone (according to the Tresca
criterion specified in the finite-element analysis). In
this figure, the spatial coordinates have been expressed
in terms of the radius of the circle of contact a

0
for the

elastic solution at a load P"1000 N. Absolute values
may be obtained by multiplying the values indicated
on the axes by a

0
"0.326 mm.

Of particular interest is a comparison between the
elastic and elastic—plastic stress distributions shown
in Fig. 1. This figure shows that the presence of the
‘‘plastic’’ or damage zone significantly alters the near-
field indentation stress field. In general, the magni-
tudes of the maximum principal stresses appear to
shift outwards, away from the centre of contact when
compared with the elastic case. The far-field stresses,
however, appear to be little changed from the elastic
case. The shift in magnitudes of stresses away from the
centre of contact indicates a shift in the distribution of
upward pressure which serves to support the indenter.
This is reflected in the contact pressure distributions
shown in Fig. 5, where the contact pressure for the
elastic—plastic case appears to be more uniformly dis-
tributed (except for the rise in contact pressure near
the edge of the contact circle) compared with the
elastic case. In Fig. 1, results are plotted normalized to
the mean contact pressure p

.
"3.0 GPa and contact

radius a
0
"0.326 mm for the elastic case. Absolute

values may be obtained by multiplying by these
factors.

Fig. 6 shows the variation in stress along the sur-
face, and downwards along the axis of symmetry.
As for Fig. 1, results are plotted normalized to the
elastic contact pressure (p

.
"3.0 GPa) and contact

radius (a
0
"0.326 mm). Also shown in this figure are

the results for the elastic solution for the maximum
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Figure 6 Variation in the stresses, r
1
, r

2
and r

3
, the hydrostatic

component, r
H
, and the maximum shear stress, s

.!9
, along (a) the

surface of the specimen at z"0 and (b) downwards along the axis of
symmetry at z"0. In both (a) and (b), the broken curve r

1E
shows

the variation in r
1

as calculated from elastic formulae for compari-
son with the elastic—plastic finite-element result. The horizontal bar
in (a) indicates the radius of circle of contact, a"0.437 mm, for the
elastic—plastic condition. The shaded area in (b) indicates the region
in which plastic strains have occurred.

principal stress, r
1
. As shown in Fig. 6a, along the

surface the maximum value of r
1

is very much the
same as for the elastic case although the contact
pressure is correspondingly lower owing to the larger
area of contact in the elastic—plastic case (with
a"0.437 mm). There is an interesting change in mag-
nitude for all stresses within the contact zone near the
edge of the circle of contact. In a previous publication
[20] it was shown that this arises because the plastic
zone is contained within the area of the circle of
contact and this discontinuity flattens out for contacts
on materials, such as metals, where the plastic zone
extends beyond the radius of circle of contact.

In Fig. 6b, the variation in stresses along the axis of
symmetry downwards into the specimen material are



shown. Note that the maximum tensile stress occurs
at the elastic—plastic boundary and is larger by a fac-
tor of about 3.6 than that calculated for an elastic
contact.

The significance of these results is particularly im-
portant to those wishing to use indentation stress
fields for structural reliability analysis. The failure of
brittle materials is often attributed to the action of
tensile stresses on surface flaws. For example, a pro-
cedure for determining the conditions for initiation of
a Hertzian crack in soda—lime glass has been pre-
viously reported [30] and applies to a purely elastic
contact. For the type of material studied here, i.e.,
a nominally brittle ceramic which undergoes shear-
driven failure within a ‘‘plastic’’ zone, an analysis in-
volving Weibull statistics may not be appropriate or,
if it is, may need to be applied to flaws within the
interior of the specimen rather than on the surface.
Whatever analysis is selected, then a detailed know-
ledge of the state of stress within the material is
required. Such details, for one particular class of
ceramics, have been presented here.
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